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Abstract 

We provide a unified approach to a priori estimates for supersolutions of BSDEs in general 
filtrations, which may not be quasi left-continuous. As an example of application, we prove that 
reflected BSDEs are well-posed in a general framework. 
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1 Introduction 


Supersolutions of backward stochastic differential equations (BSDEs from now on) were introduced by 
El Karoui et al. in their seminal paper |7], in order to study superhedging strategies in mathematical 
finance. In the simple context of a filtered probability space (0, F := (Jh)o<t<T 5 P) where F is the 
(augmented) natural filtration of a d-dimensional Brownian motion W, a supersolution of a BSDE 
with terminal condition ^ and generator g consists is a triple of F-adapted processes (Y, Z, K), living 
in appropriate spaces, with K predictable non-decreasing, such that 

gs(Ys, Zs)ds - Zs- dWs + 

These objects appeared later to be at the very heart of the study of reflected BSDEs, as introduced in 
El Karoui et al. [8], and more generally of BSDEs satisfying some constraint, see Cvitanic, Karatzas 
and Soner for constraints on the Z-component and Peng et al. im EH Ea ESI |24] for general 
restrictions. More recently, supersolutions of BSDEs have proved to provide the semimartingale 
decomposition of the so-called second order BSDEs, introduced by Soner, Touzi and Zhang |26) and 
generalized by Possamai', Tan and Zhou |25) . and of the weak BSDEs studied by Bouchard, Elie and 
Reveillac in [T]- 


dKs, t€[0,T], P — a.s. 


( 1 . 1 ) 
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When the generator g is equal to 0, the process Y dehned above is nothing else but a supermartingale, 
and (|l.ll) is simply its Doob-Meyer decomposition. This was generalized by Peng |21) using the notion 
of non-linear supermatingales, see also and the references therein. 

As seen through the above examples, supersolutions of BSDEs appear quite frequently in the litera¬ 
ture, as natural semimartingale decompositions for various stochastic processes, and are often used 
to study their hne properties. Having at hand a priori estimates on the moments and on the stability 
of supersolutions is crucial in these contexts. Unfortunately, in almost all the previously cited works, 
with the exception of |25], such estimates have been written in, roughly speaking, the context of a 
Brownian hltration. This is rather limiting from the point of view of both the theory and the appli¬ 
cations, and it has created a tendency in the recent literature to reproduce very similar proofs every 
time that the context was generalized. 


In this paper, we propose a general approach which allows one to consider a quite sufficiently general 
setting. In particular, we do not assume that the underlying hltration is generated by a Brownian 
motion. In this case, one needs to introduce another component in the dehnition of a supersolution 
of a BSDE, namely a martingale M that is orthogonal to W: 

Yt = i- j\s{Ys,Zs)ds- 

When AT = 0, such objects were hrst introduced by El Karoui and Huang j6], and studied more 
recently by Kruse and Popier m to handle more general hltrations, in the context of L^-solutions, 
as in the seminal papers BE]. Supersolutions in general hltrations play a crucial role for the class of 
rehected BSDEs studied by Klimsiak [12], which is, as far as we know, the most general reference to 
date. However, all 0, inB, |13) still impose that the hltration is quasi left-continuous, a property 
which, for instance, is not satished for the second order BSDEs studied in |25) . 


• dw, - 


r dMs+ f 

Jt Jt 


dKg, t € [0, T], P 


— a.s. 


( 1 . 2 ) 


To understand the simplihcations induced by the quasi left-continuity assumption, let us give a brief 
sketch of the strategy of proof usually used to obtain estimates, say in for simplicity: 

(i) Apply Ito’s formula to to obtain 

/■T j-T j-T 

Jt Jt Jt 

= - 2 r e^^Yggg{Yg, Zg)ds - 2 ■ dWg - 2 f e^^Yg_dMg + 2 e^^Yg.dKg. 

Jt Jt Jt Jt 

(ii) Take expectations on both sides, use classical inequalities (namely Young and Burkholder-Davis- 
Gundy) and some continuity assumptions on g (usually Lipschitz continuity) to control L^-type norms 
of (Y, Z, M) by the norm of K times a small constant, when a > 0 is large enough. 

(hi) Use the dehnition of a supersolution to control the norm of K by the norms of (Y, Z,M), and 
conclude. 


What is actually hidden in this reasoning is that, because of the quasi left-continuity assumption, the 
martingale M cannot jump at predictable times, and thus the bracket [M, K\ is identically equal to 
0. This is no longer true for general hltrations, in which case we have to deal with the term [M, K]. It 
turns out to be difficult to control, which makes this traditional approach not amenable to hltrations 
that are not quasi left-continuous. 

^Notice that in when the generator does not depend on Z, there is no need for the quasi left-continuity 

assumption. But the general case requires it. 
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The main aim of our paper is to give a general proof of a priori estimates and stability for superso¬ 
lutions of BSDEs in a possibly non-quasi-left-continuous filtration. The proof relies on the following 
property: 


"It is sufficient to control the norm of Y to control the norm of (Y, Z, M, K)." 

This is the philosophy of the estimates of Meyer m Theorem 1] that apply to general super¬ 
martingales (see also the generalization in |16| Thm 3.1]). In Section |2l we show how it can be 
generalized to the non-linear context of BSDEs. Namely, Theorem 12.11 below provides the extension 
of |19[ Theorem 1] to a supersolution, while Theorem 12.21 is a version that applies to the difference 
of two super solutions. Both are valid for supersolutions that are only ladlag. In Section [3l we use 
these results to provide a well-posedness result for reflected BSDEs with a cadlag obstacle. When 
there is no quasi left-continuity assumption on the filtration, this result is not available in the existing 
literature. 

Notations. For any I € N\{0}, we denote the usual inner product of two vectors (x,y) G x by 
x-y. The Euclidean norm on is denoted by H-H, and simplified to I'j when 1 = 1. Let T > 0 be fixed 
and let (D, T", P) be a complete probability space, equipped with a filtration F = {J-t)o<t<T satisfying 
the usual conditions, and carrying a standard d-dimensional F—Brownian motion W. Importantly, 
we do not assume that the filtration is quasi left-continuous. Given p > 1 and a > 0, we introduce 
the classical spaces: 

• is the space of M-valued and J-r-measurable random variables ^ such that 

||e||^.:=E[m<+oo. 


(resp. Sr) denotes the space of M-valued, F-adapted processes T, with P-a.s. ladlag (resp. 
cadlag) paths, such that 


ITIIL :=E 


sup \Ytf 


0<s<T 


< -1-00. 


• is the space of M-valued, F-adapted martingales M, with P-a.s. cadlag paths, such that 

M is orthogonal to W and 


l|M|| 


V 



< - 1 - 00 . 


jjp," (resp. ]HI^’“) is the space of M'^-valued (resp. M-valued) and F-predictable processes Z such 


that 




< - 1 - 00 . 


• M’" (resp. 1(1’“, l(j!“) denotes the space of M-valued, F-predictable processes with bounded 
variations iL, with P-a.s. ladlag (resp. non-decreasing ladlag, cadlag, non-decreasing cadlag) 
paths, such that 


:=E 




< - 1-00 


and Kq = 0. In the above TV(iL) denotes the total variation of K. 
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• We also define as the collection of processes V snch that, for an increasing sequence of 

stopping times (Tn)n>i satisfying P(lim„_).oo = oo) = 1, the localized process Vt„a- belongs 
to for each n > 1. The spaces ^foc ’ ^+°loc defined similarly. 

• Finally, for a = 0, we simplify the notation := := := F := P’*^, 

:= t := and := 1^° . 

Note that the above spaces do not depend on the precise value of a as we work on the compact time 
interval [0,T], two values of a actually provide equivalent norms. Still, we keep the parameter a 
which, as usual, will be very helpful for many of our arguments. 

Given a ladlag optional process X, such that its right-limit process X~^ is a semimartingale, and a 
locally bounded predictable process (j), we define the stochastic integral as in |15) : 

(j)sdXs := [ 4>sdX^ - 4>t{Xt+ - Xt), t>0. 

Jo 

Moreover, we define (f)sdXs '.= (f)sdXs — (psdXg- 

2 A priori estimates 

Let us consider a BSDE with terminal condition ^ and generator g : [0, T] x x M x M. For 

ease of notations, we denote := g{t,io,0,0). Although, we will have to differentiate between 

possible values of p > 1, this parameter is fixed from now on. The following standing assumption is 
assumed throughout this section. 

Assumption 2.1. (i) ^ G L^, g^ G EI^ and the process i—>■ gt{uj,y,z) is ¥-progressively 

measurable for all {y,z) G M x 

(ii) There are two constants {Ly,Lz) G such that 

\gt{uj,y,z) - gtiuj,y',z')\ < Ly\y - y'\ + Lz\\z - z'\\ , (2.1) 

for all {t, ui, y, z, y', z') G [0, T] x tl x (M x 
We recall here the definition of a supersolution. 

Definition 2.1. We say that (Y, Z, M, K) is a solution (resp. local solution) of 

gs{Y„ Zs)ds - [ Zs-dWs- [ dMs + Kt- Kt, ( 2 . 2 ) 

Jt Jt 

if the above holds for any t [0, T], P—a.s., and {Y, Z, M, K) G S^xEI^xM^xP (resp. {Y,Z,M,K) G 
sL X Kc X X Ifo^). If moreover A G ]!((_ {resp. we say that {Y,Z,M) is a supersolution 

{resp. a local supersolution) of (12.2p . 

2.1 Estimates for the solution 

Our main result says that it is enough, in order to control the S^-norm of T of a solution {Y, Z, M, K), 
to control the norms of the other terms {Z, M, K). We emphasize that the general setting we consider 
here creates additional difficulties that have not been tackled so far in the literature, and which mainly 
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stems from the fact that it is possible for the processes K and M to jump at the same time, when the 
filtration is not quasi left-continuous. Therefore, the traditional approach which consists in applying 
Ito’s formula to \Y\^ to derive the desired estimates fails, as this makes the cross-variation between 
M and K appear, a term that has no particular sign and cannot be controlled easily. Our message 
here is that, in order to obtain such estimates in a general setting, one should rely on a deeper 
result from the general theory of processes, namely the estimates obtained in Meyer |19) for general 
supermartingales, a version of which we recall in the Appendix below, see Lemma lA.il 

The following is an extension to the non-linear context. 


Theorem 2.1. Let {Y,Z,M,K) G x HP x xl^ be a solution of (12.21) . Then, for any a>0, 
there is a constant such that 


\Z 


IP 

IHP’' 


+ 


||M||P 




+ 


ii^ir 


Jp.a ^ 


IIGI" 


LP 


+ ll^llsp + lls''" 


IP 


Before proving this result, we shall establish more general intermediate estimates, that will also be 
used to control the difference of solutions in Theorem 12.21 below. They use the notation 


N := Z -kW + M - K. 


We start with an easy remark. 

Remark 2.1. (i) First note that for any ^ > 0 and (ai)i<j<n C (0,-|-oo), 


(1 An^ < (1 V 


(2.3) 


2=1 


^ 2 = 1 


2=1 


Let us now consider a solution (Y, Z, M, K) € §P x H^ X X F of (12.21) . Since W and M are 
orthogonal, ([231) implies that 


MP.“ — ) (I|-^IIhP’“ 11-^ -^IImp.“) • (2-4) 


(1 A 22-1) ^ 11^ _ < II^IJP 

Moreover, if K £ then the Kunita- Watanabe inequality leads to 

d[M + ZkW]<2 (d[iV] + d[K]) < 2 + 2K_dK + d[K]) < 2 + diL^) , 

so that, by (12.31) and the fact that W and M are orthogonal, 


(1 A 2l-i)(||M||^„. + ||Z||^,..) <\\M + Zk < (2i V 2^-1) (||iV||^,.. + ||2L||f,..) , 


(2.5) 


in which the left-hand side inequality remains true even if K is not non-decreasing, 
[ii) In the following, we shall also use the standard Young’s inequality 

W 


ab < fdaP + 


qiPp)i/P' ^ > 0' 1 i 


( 2 . 6 ) 


{Hi) We also emphasize that for {Y, Z, M) G x HP x MP, the process 

eP?>p(y,_)d(M + Z*W), 
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is a uniformly integrahle martingale, where 

4>p{y) = |yr“^sgn(y)lj/ 5 ^o, for y G 
Indeed, Burkholder-Davis-Gundy and Holder’s inequalities imply 


(2.7) 


E 


sup 

0<t<T 


[ eP'^^f)p{Ys-)d{M + Zi.W) 

Jo 

\Ys-\'^P~^ d[M]s + ^ \\ZsPds 


< CE 

< ||y|||;i (||M||mp.. + ||^||hp.«) , 

for some C > 0. 

From now on, we use the generic notation C, combined with super- and subscripts, to denote constants 
in our estimates that only depend on Ly,Lz,p and a. If they depend on other parameters, this will 
be made clear. Although we do not provide their expressions explicitly, our proofs are written in such 
a way that the interested reader can easily keep track of them line after line. 

In the following, the inequality (|2.8p is the crucial one, this is the consequence of Meyer |19) . 

Lemma 2.1. Let {Y,Z,M,K) G x HP x xW be a solution of (12.2p . 

(i) If K then for all a > 0 there exists a constant such that 

p 




e^Y 


+ II^IIhp'“ + • 


( 2 . 8 ) 


{ii) If p> 2, then for all e > 0 there exists a > 0 and a constant such that 


y i|P -I- 


P ^ II „0 IIP I rie,a 

+ L, — 


MP 


<e r 


iHf’' 


I, + II(e“-y_ * N)t\\ 1 , lp>2 + E [(e“-y_ * iF)T]+ lp=2) ■ 


(Hi) If p G (1, 2), then for all e > 0 there exists a > 0 and a constant ^'^oh that 


p 

MP^' 


< e \\g lljjp.a + C] 




p 

LP 


e 2 "y 


+ E[ieP^-c^p(Y_)xK)Tr), 


(2.9) 


( 2 . 10 ) 


where (l)p is defined in (1^ . 

Proof, (i) Let us first prove (12.81) . A simple application of Ito’s formula implies that 


q2'Y. — 


I et^(ff,(y„ 


a. 


Zg) -\- ) ds 


is a supermartingale. Moreover, the non-decreasing process in its Doob-Meyer decomposition is 
J^e^^dKg. Therefore, Lemma lA.il Assumption 12.II and Jensen’s inequality provide 

p 




e^ Y - 


< (1 V 2P-^) 


ez-y 


SP 


-hE 


^ et* (^gg(Yg,Zg) + ^Yg'^ ds 

{\ggiYg,Zg)\ + ^\Yg\)ds 


< (1 V 2P-1) ((l + (1 V 3P-i)rP (l, + ||et-y|[^ + (1 V 3P-1) (lp ||Z||P,.„ + \\gYur)) ’ 


( 2 . 11 ) 
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in which the constant is as in Lemma lA.ll 

(ii) We now turn to (|2.9[l . As usual, we apply Ito’s formula to see m p.538] for the case of 

ladlag processes, use Assumption 12 .1 1 and (12.61) . to obtain 


e'^^Y^ds + {1 - r]) + ^ e“*d[M - AT], 


< e' 


aT 


fT rT 

+ e e"" | 5 °| ds-2 e^^Y^-dNs, 

Jt Jt 


( 2 . 12 ) 


for any {£, 1 ]) G (0,+oo)^. Combined with (12.3p . this implies that 

Cl ||F||^,,. + C2 \\Z\f^„^ + ||M - < 3i-i (ei“^ UW^ + 

+ 32-^21 ||(e“-y_*A^)T||% lp>2 


+ 32-^22E [(e"-y_ * K)Tr lp=2, 


where Ci ;= (a — ^ — 2Ly — ■^) ^, C 2 := (1 — ??) 2 and where we have used Remark I2.ir iii) in the case 
p = 2. Fix a > 0 and rj G (0,1) such that Ci, (72 > 0. We then deduce (12.9p from the right-hand side 
of (|2.4p for a large enough. 

(hi) It remains to prove (12.101) . Since p < 2, we can not use the Burkholder-Davis-Gundy inequality 
with exponent p/2 to a martingale involving M, as it is only cadlag. We then follow the approach 
proposed recently in [13] . We first appeal to Lemma IA.2I below: 


^ P{P^ 1) gpf s dlN^s + yI^ 

<eP^^\^\P+p r eP^^\Y,r^\gs{Y,,Zs)\ds-p eP^^^p{Y,_)dN,, 
Jt Jt 


in which 


^T_P(P^ e?’t*|AW|'(|n-|'v|n_ + AA^, 


X ^-1 
|2\ 2 ^ 


Hys-|v|n_+AW3|/05 


t<s<T 


with AN := A+ — A_. Recalling Assumption 12 .1 1 and using (12.6p . this shows that, for any /3,7 > 0, 


gPft |y.|P + I^P^^ _ J\p^s d[N]</+p 

<eP^^\C\P+p r eP^^\Y,r^\g^,\ds-p T e^’t>p(n_)dA, 
Jt Jt 


Ln 


4/3 


I 


ds + Aj 


<ePf^\Cf + \\gXr + 


p-l 
p sup 
pp-i 0<s<T 


e2W, 


-pj^ eP^^(/p{Ys-)dNs. 


Let us take a > 2Ly +pL^/(2/3) with /3 < p{p — l)/2. Taking expectations on both sides, we obtain 


E 


eP^^\^p.,{Ys)\d[N]t + Aj 


+ C^^E[{eP^-c/p(Y_)^K)X, 


e2'Y 


p 

SP 


(2.13) 
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for some explicit constants (^ j2,l3 t)i<»<4- then argue as in |13[ Step 2, Proof of Proposition 3] 
and use fl2.6p again to obtain that 


P < 
— 


ep ] 


(2-p) 


e^'Y 




E 


Jo 


for e > 0. 

We are now in position to complete the proof of Theorem 12.1 


□ 


Proof of Theorem 12.11 1. We first assume that p > 2. In the course of this proof, we will 
have to choose a > 0 large to apply (12.91) . However, since the norms in ,« > 0} (resp. 

{Il'IIJ^p.a , a > 0} and {IHlMp.a j > 0}) ^re equivalent for different values of a, this is enough to prove 
our general result. We first estimate the last term in (|2.9p : 




e“'y_*iV)T||% < 22-1 ||(e“-y_*(M + Z*W))T||% + ||(e“'y_ *i^)T 


in which, for any 5 > 0, 


recall (12.61) . and 




eJ'Y 




+ (5 , 


£ 

II 2 

1 p 


(e“‘y_ ^ (M + z ^ 


f 




< 




* \2 


A5 


q2'Y 


+ <5||M + Z*W||^p.. 


with 


C: := ( ? V - 1 1 1„>2 + 21„=: 


2 p-2 


p=2) 


(2.14) 


by Burkholder’s inequality, see e.g. Eqi Theorems 8.6 and 8.7]. Combining the above inequalities 
with (|2.5I) leads to 


(e“-y_*iV)r||% lp>2+||(e“'y_*7^)r||% lp=2 < 

L'J IT TT I - 


P 

I 2 

II 




(II^IImp.^ + ll^ll?p.<^) 

(2.15) 

for some explicit constants C'gqjj and C'gjJli depend on <5. By inserting the last 

inequality in (|2.9P for e.g. e = 1 and a chosen appropriately, we obtain for 6 G (0,1): 






e2y 


+ 6C\ 


1tT61 


\K\ 


IP,a ) 
(2.16) 


in which the constants (^ |2.l6 p )»<4 explicit and do not depend on <5 G (0,1). In view of the 
left-hand side of (12.41) and (|2.8I) . (12.161) provides the required bound on ||y||^p^c< by choosing <5 > 0 
small enough, so that we can then use (12.81) again to deduce the corresponding bound on 


I^II^P,« + \\K\t,. < C |TT7t ( llell^P + nilp + ||51 hp,< 


(2.17) 
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for some constant C' j2,17[ - Finally, it remains to appeal to (|2.5I) . (|2.16p and (|2.17l) to obtain the 
required bound on and conclude the proof in the case p >2. 

2. We now consider the case p G (1, 2). We argue as above except that we now estimate the last term 
in (|2.10l) by using (12.61) : 


E[{ePf-MY_)*K)T] < 


p — I 
{5pP)^ 


c'^'Y 


+ <5 


I ^11^ 

I ^ I |][p,a • 


(2.18) 


The latter combined with (|2.4I) . (12.51) . (12.81) and (I2.10p . as in the end of step 1, provides the required 
result after choosing 5 > 0 small enough. □ 

When {Y, Z, M, K) is only a local solution of (12.21) . all the arguments above hold true after a lo¬ 
calization. Then, using Fatou’s Lemma, it follows immediately that {Y, Z, M, K) is a solution. We 
formulate the following result but omit the proof. 


Proposition 2.1. Let {Y, Z, M, K) be a local solution of (12.21) . Suppose in addition that Y G S^. 
Then, {Y, Z, M, K) is a solution of (12.2p . 


2.2 Difference of solutions and stability 

In this section, we consider two terminal conditions as well as two generators and g'^, 

satisfying Assumption 12.11 We then denote by (W, Z*, M*, AT*) G X x MJ’ x a solution of 
(|2.2p with terminal condition and generator 5 ®, and set N'^ := Z'^ -k W + M® — iL® , i = 1, 2. For 
notational simplicity, we also define 

SY := Y^ - 6Z := Z^ - Z^, 6M := - M^, 6K := - K"^, 5N := - N^, 

6g{t, u, y, z) := g^{t, u, y, z) — g^{t, u, y, z), for all (t, oo, y, z) G [0, T] x x M x M'^. 

By Assumption 12.11 we know that there is an M-valued (resp. valued), T-progressively measurable 
process A (resp. 77 ), with |A| < Ly (resp. ||? 7 || < L^) such that 

5gt := g\t, T/, Z}) - g\t, Y^ Zf) = 6g{t, Y^\Z}) + \t5Yt + gt • SZ^. 


Then, {5Y, 6Z, 6M, 5K) satisfies (12.21) with driver 6g and terminal condition 5f. In particular, we can 
apply to it the results of Remark 12.11 and Lemma 12.11 

The main result of this section. Theorem 12.21 below, is in the spirit of Theorem 12.11 it suffices to 
control the norm of 5Y to control the norms of 6Z and 5{M — K). Seemingly, it should just be an 
application of Theorem 12.II to [5Y, 6Z, 6M, 6K) as it satisfies an equation of the form (12.2p . However, 
it is not the case: 

(i) In Theorem 12.21 we will only control 6{M — K) and not 5M and 6K separately. Actually, as 
shown in Example lA.ll below, there is no hope to control these two processes separately even 
in the seemingly benign case where g^ = g^ = 0. 

(m) Actually, Theorem 12.21 can not be an immediate consequence of Theorem 12.11 because the pro¬ 
cess SK which appears in the dynamics of 6Y is no longer non-decreasing, and more importantly 
because the result of Lemma lA.ll below does not hold for quasimartingales (instead of super¬ 
martingales). However, it is a direct consequence of the intermediate estimates of Lemma l2.ll 
which explains why they have been isolated. 
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{in) If one has a more precise knowledge of the behavior of the non-decreasing processes and 
then these estimates can actually be improved. We will make this point more clear when 
we will treat the special case of reflected BSDEs in Section |3l 

Let us now state our result. 


Theorem 2.2. For any a > 0, there is a constant such that 

+ \\6{M - . 

The constant Cg-jj depends on Ly,Lz,p and a, as well as (||^*||gp j ||C*||lp j 0)||^p.c.)j=i^2- 

Proof. In this proof, we take a large enough so as to apply the estimates of Lemma 12.11 The general 
case is deduced by recalling that the different norms are equivalent for different values of a, since 
[0, T] is compact. 


1. We first assume that p > 2. We shall apply (12.91) to {6Y,6Z,6M). Let us estimate the last term 
in this inequality. We first use (12.31) to obtain 

||(e"-(iy_*(5iV)r||% < 22 -^ (||(e“'(5y_ * ((5M + JZ * W))r|| % + \\{e°'5Y_ i. 6 K)t\\K) ■ 

L "2" \ L "2" L 2" / 

We then apply Burkholder inequality and use (12.31) again: 


{e^'6Y_i.{6M+ 5 Zs.W))t\\\ < C* 


e2-6Y 


\\6M + 6Zi.W\\^^, 


where Cl is as in (I2.14p . while 


(e“yy_*<5iL)r||% < 


e2'<5y 


wmic • 


We can then conclude the proof in the case p > 2 by using (12.9p . (|2.4p and the bounds of Theorem 
12. II applied to (Z*, M*, 


2. We now assume that p G (1,2) and proceed as above but use (I2.10p in place of (12.91) . Namely, 
since 


E 


(ePt'(/.p(<5y_)*5iL)T 


< 


e2-6Y 


p-i 


\m\\ 




it suffices to use (|2.10l) , (12.4p and the bound of Theorem 12.11 applied to and . 


□ 


3 Application to reflected BSDEs: a general existence result 

The results of the previous section show that it suffices to control the norm of Y (resp. 6Y) in order to 
control the norm of (Z, M, K) (resp. {6Z, 6M, SK)), given a solution (y, Z, M, K) (resp. two solutions 
(y^, Z^, and (y^, Z^, M^, iL^)) of (12.21) . In most examples of applications, we know how to 

control the norm of Y (and 6Y). This is in particular the case in the context of reflected BSDEs (see 
e.g. ID), BSDEs with constraints (see e.g. |4l |23]), 2nd order BSDE (see e.g. [MIES]), weak BSDEs 
(see ID). 

Let us exemplify this in the context of reflected BSDEs. In particular, the following results extend 
Klimsiak (TO] mm to a filtration that only satisfies the usual conditions, and may not be quasi 
left-continuous. For sake of simplicity, we restrict to the case of a cadlag obstacle, see |9] and the 
references therein for the additional specific arguments that could be used for irregular obstacles. 
Recall that S? (resp. Ir, I+,r) denote the set of elements of (resp. P, !((_) with cadlag path, P-a.s. 
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3.1 A priori estimates for reflected BSDEs 

In this section, we assume that Assumption 12.11 holds for ^ and g. 


Definition 3.1. Let S be a cddldg process such that S'"*" := S' V 0 € Sr. We say that {Y,Z,M,K) G 
S? X HP X MP X is a solution of the reflected BSDE with lower obstacle S if 

= gs(Ys,Z,)ds- 


r Zs-dws- r 

Jt Jt 


dMs + Kr-Kt, 


(3.1) 


holds for any t (z [0, T] P — a.s., and if 


'Vt > St, 



t G [0,r], P — a.s., 

— Sg-) dKg = 0, P — a.s. {Skorokhod condition) 


In order to provide a first estimate on the component y of a solution, we use the classical linearization 
procedure. By Assumption 12.1[ there exists a M-valued (resp. valued), F-progressively measurable 
(resp. F-predictable) process A (resp. g), with |A| < Ly (resp. ||r/|| < L^) such that 


dsiXs, Zg) — g^ Asl^s + gg ■ Zg, s G [0, T]. 


Let us define 


Xg-.= e-fo^^<i^, and^:=s(^-j^gg-dWg'^ ,W^ := W. + ggds, (3.2) 


in which S denotes the Doleans-Dade exponential. Then, by Girsanov theorem, is a Q-Brownian 
motion, M is still a Q-martingale orthogonal to VL*®, and we can re-write the solution of the reflected 
BSDE dal]) as 

XtYt = XTi- ! Xgg^.ds- [ XgZg-dW^- [ Xg.dMg + [ Xg.dKg, t e [0,T], 

Jt Jt Jt Jt 

XtYt>XtSt, t G [o,r], 

■T 


[ Xg_{Yg_-Sg-)dKg = 0. 
Jo 


'0 

One can now use the link between reflected BSDEs and optimal stopping problems. The proof is 
classical so that we omit it, see [8] for a proof in a Brownian filtration and for a continuous obstacle, 
or M for a cadlag obstacle, and |5] for more results on optimal stopping. We denote by 7t,T the set 
of [t, r]-valued F-stopping times, while and stands for the y)-conditional expectations under 
F and O. 


Proposition 3.1. Let (Y, Z, M, K) and S be as in Definition \3.1[ Then, 


XtYt = ess sup Ej 

T€Tt,T 


— j Xgg^ds + XrSrlT<T + XTilT=T 


and 


for all t <T. 


Yf = ess sup Ef 

T&Tt^T 


gg{Yg,Zg)d. 


S St lr<T + ^lr=l 
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Before continuing, let us introduce the solution {y^Z,AA.) € Sr x x of the following BSDE 
(well-posedness is a direct consequence of Theorem 14. II below, see also |13)1. 

yt = i- j\s{ys,Zs)ds- 


r Zs-dws- f 

Jt Jt 


dMs, t € [0,T], P — a.s. 


A simple application of the comparison result, which can be proved as in m Proposition 4], implies 
that 

Yt >yt, t e [0,T], P - a.s. 

Let us first show that Proposition 13. 1 1 is actually enough to control the T-term of a solution (or the 
JT-term of the difference of two solutions) and therefore that Theorems 12.11 and 12.21 apply to reflected 
BSDEs. 


Proposition 3.2. (z) Let {Y, Z, M, K) and S be as in Definition \3.1[ Then, for any a > 0, 



for some constants depend on Ly, and a. Moreover, if we replace S~^ by S 

in the above, we can take Cy = 0. 

{ii) For i = 1,2, let (T*, Z*, M*, iL*) and 5* be as in Definition \3.1\ for a generator satisfying 
Assumvtion \2. 1\ and terminal condition € L^. Then, for any a > 0, 




^ MM 




UP 


+ ||e^.«S|jJ.+E 


e‘-“\Sg,(Y,\Zl)\ds 


for some constant that only depends on Ly, L^ and a. 


Proof, (i) First of all, we recall that Y > y on [0,T]. Next, we deduce from Proposition 13.11 that, 
for any 1 < k < p. 


sup 

iG[0,T] 



< sup 

iG[0,T] 



Ids + sup 

sG[0,T] 




+ sup 
te[o,r] 


= sup 

iG[0,T] 



+ sup 

iG[0,T] 



ds + sup { 
se[o,T] 




5.+ } 




lel 


< e 


{Ly+^)T+^^LlT ^ 


sup Ef 

ZG[0,T] 



+ sup {e^^y^{StY] 
sG[0,T] 


_i 


+ sup {eY\y^\\ 
Zg[0,T] 


in which it is clear that we could have suppressed the term involving y if we had used S instead of 
5 +. 
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Hence, we deduce from Doob’s inequality that 


q 2 'Y 


< gP('^!/+f )^+P2 (k-i)( P 

~ p — 1 


E 


L 


T \ P 

LyS I ^0 


ds 


+ e‘ 

+ 2^-1 


p{Ly+^)T+p^LlT^p-i IICIIlp) 


e 2"3i 


where we have to replace the 6^ ^ by 3^ ^ if we use S instead of . 

{ii) We know that there exists an M-valued (resp. valued), F-progressively measurable process A 
(resp. rj), with X < Ly (resp. \\r]\\ < L^) such that 


Zi) - gi{Y,\ Zi) = 5gs{Y,\Z^,) + X^SY, + % • s € [0, T], P - a.s., 


so that, by Proposition 13.II again. 


I^^tl < ess sup Et 
T&Tt,T 


^ {\6gs{Y},Zl)\+Ly \SYs\+L, \\dZ,\\) ds + 1 ,<t + 15^1 lr=T 


Since the right-hand side in the above is the first component of the solution of a reflected BSDE with 
terminal condition |5^|, generator gs{y,z) := \dgs{Yg , Zl)\ + Ly \y\ + ||2|| and lower obstacle \6S\, 

we can apply to it the estimate of (i) above. □ 

We now show that one can actually take advantage of the Skorokhod condition satisfied by the solution 
of a reflected BSDE to improve the general stability result of Theorem 12.21 This result is crucial in 
order to prove existence of a solution when p is arbitrary, see the proof of Theorem 13.11 below. We 
only provide the result for p = 2. It could be extended to p € (1, 2), but this is not important as we 
can always reduce to p = 2 by localization, again see the proof of Theorem 13. II below. 


Proposition 3.3. Fori = 1,2, let (Y^, Z"^, , K^) be as in (ii) of Proposition [Ql Then, for any 

any e > 0, there exists a large enough such that 


||<5y||j2,. + \\SZ\g 2 ,. + ||<5(M - K)\\ 1 , 2 ,. < e \\ 6 g{Y.\Z^)\\l 2 ,^ 




62-63 


for some constant that only depends on Ly, Lg, a, e and (||T*||g 2 i lle|lL2,||<7Ho,o)||^2..)i=i.2. 

Proof. It suffices to apply (12.41) . (12.9p to (iJT, 6Z, 6M, 6K) and use the Skorokhod condition to deduce 
the control 



r 1 


r r'^ 



E 

e^^5Ys-d{5Ks) 

< E 

J e’^^dSs-diSKs) 

< 



in which is bounded by Theorem 12.11 and Proposition 13.21 


\m\\ 


I2.° 


□ 


3.2 Wellposedness of reflected BSDE under general filtration 

We can finally prove the existence of a unique solution to the reflected BSDEs (13.11) . Our proof is 
extremely close to the original one given in [8], but relies on the more general estimates given in this 
paper. 


13 
































Theorem 3.1. Let Assumption {2^ hold true. Then, there is a unique solution (Y,Z,M,K) to the 
reflected BSDE (13.ip . 

Proof. The uniqueness is an immediate consequence of Proposition 13.31 recall that the Doob-Meyer 
decomposition of the supermartingale M — K is unique. We therefore concentrate on the problem of 
existence. 

1. First, let us consider the case p = 2 and prove the existence in 3 steps. 

(i) We assume first that the function g does not depend on {y,z), that is, g{t,uj,y, z) = g{t,uj). 
Existence of a solution is guaranteed by |12[ Theorem 2.12]. Moreover, [121 Corollary 2.8] implies 

, t € [0,T], P — a.s. 

, 

so that the Burkholder-Davis-Gundy inequality can be used to deduce that 

nii2<c(iieii^2 + iiffiie2 + ii5i|2,), 

for some C > 0. Then, the fact that {Z,M,K) lies in the good space follows by Theorem 12.11 

(ii) We now consider the general case. Given a > 0, let us consider the space S of processes {Y, Z, L) 
such that 

• (y, z) € s2 X , 

• L is a cadlag supermartingale such that L =: M — K where M is orthogonal to W, 

• (y, Z, K, L) satisfies 

Yt >St, te [0, T] and [ (Yt_ - St-) dKt = 0, P - a.s., (3.3) 

Jo 

and 

||(y,Z,L)|| 2 ^„ := ||e“-y||s, + IIZIIjj,,. + \\L\y < oo. 

We will show in Step 3 below that (5, 11-112 0 ,) is a Banach space. Then, existence can be proved by 
using the classical fixed point argument. Let us define (Y^ , Z^ , L^) := (0,0,0) and (T", Z", Z"')„>i 
by 

y"+i = e- r gs{Yfl,Z^)ds- r Z^+YdWs- (3.4) 

Jt Jt Jt 

Using the estimates of Proposition 13.31 it follows that, for a > 0 large enough, {Y^, Z”')„>i is a 
Cauchy sequence in x and hence a Cauchy sequence in x by the estimates in Part 
(ii) of Proposition 13.21 Moreover, by (|3.4p . we have 

zr - zr = (y*" - Yn - (Yo- - Yo^ - [\z7 - ZD • dWs 

Jo 

- f [gs{Yr\ZD^) - gs{Yr\ ZD^))ds. (3.5) 

Jo 


Yt = ess sup E 

T&Tt 


Qsds + 


JFt 


Hence, y € since 


|ytl < E 


1^1 + [ l5sl ds + sup \Ss 
Jo 0<s<T 
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It follows that (y"", Z"", L”')„>i is a Cauchy sequence in (iS, 11-112 0 )) from which existence follows. 

(hi) iS is clearly a subspace of a Banach space. It is therefore enough to show that it is closed, in 
order to prove that 5 is a Banach space. The only non trivial point to check is that the Skorokhod 
condition in (13.31) passes to the limit. Let be a sequence in S that converges to 

{Y,Z,L) for the norm 11-112 0 defined above. Clearly, L is still a cadlag supermartingale in S^, by 
dominated convergence. Let L = M — LC be its Doob-Meyer decomposition. Notice that the brackets 
[L”, W] also converge a.s. to [L, W] (at least along a subsequence) thanks to Burkholder-Davis-Gundy 
inequalities. It follows that the martingale part M of L is orthogonal to W. Finally, let us consider 
a sequence of stopping times (rm)m>i such that the process sup„>;^(y” — 5)1 |o,t^| is essentially 
bounded and Tm —oo as m —oo. Since — y ||§2 + ||L” — L ||§2 —0, it follows that 


E 

rYm 

/ (Ft_ - St-)dKt 

= E 

PYm 

/ (Ft_ - St-)dLt 

= lim E 

r'Tm 

/ (F,” - St_)dL2 


Jo 


Jo 

n^oo 

Jo 


Since K is non-decreasing and T > 5 on [0,T], we thus obtain 

{Yt--St-)dKt = ^, P-a.s. 

Letting m —^ oo, we see that the Skorokhod condition (13.31) holds true for K. 

2. Finally, let us consider the general case when p G (1, oo). In this case, we can define for n > 1 

:= (— n) W ^ An, 5” := (—n) W S An, and fl'"'(-) := {—n) V g{-) A n, 

so that (^”', S'”, 5 ”(-, 0,0))n>i € X X for any a > 0. Thus by Step 1 , we know that there is 
a unique solution (F”, Z”, M”, iL”) G X X x to (j3.ip . Since (^”, S”, (7”(-, 0, 0))n>i is a 
Cauchy sequence in x x the estimates of Proposition 13.21 and Theorem 12.21 show that the 
sequence (F”, F”)n>i is also a Cauchy sequence in X ]H1^’“, for any a > 0. Moreover, by a similar 
equality as in (13.Sp . it follows that (L” := M” — iL”)„>i is also a Cauchy sequence in Sfl. Using the 
same arguments as in (iii) of Step 1, it is easy to check that its limit is a solution to (|3.ip . □ 



4 Side remark 


Note that the existence and uniqueness of a solution (F, Z, M) G x x to the BSDE 

Yt = ^- [ gs{Ys, Zs)ds - [ Zs-dWs- [ dMs (4.1) 

Jt Jt Jt 

follows from the same arguments as the one used in Section |3] whenever G and g^ G Hp Indeed, 
we can bound the component F of a solution as in the proof of Proposition 13.21 by 


XtYt = 


Xsgsi0,0)d. 


's + Xt^ 


— a.s., 


in which X and Q are defined as in (|3.2p . The difference of the F-components of two solutions can 
be bounded similarly. Then, it suffices to apply the same fixed point argument as in the proof of 
Theorem 13.11 
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Theorem 4.1. Let Assumvtion \2. 1\ hold true. Then, admits a unique solution in Sr x X M^. 
Moreover, for all a >0, there exists a constant that depends only on Ly, and a, such that 


e2'Y 


< 



Remark 4.1. Recalling that the difference of two solutions, with different terminal conditions and 
drivers, is still a solution to a BSDE, the bound of Theorem \4-11 applies. Using similar notations as 
above, we have: 


e2-5Y 











A Appendix 

Let us consider a strong supermartingale X G S^ on [0,T]. Then, its paths are almost surely ladlag, 
and it admits the (unique) Doob-Meyer decomposition (see e.g. Mertens |18) 1 : 


Xt = Xo + Mt-At- It, 


(A.l) 


where M is a right-continuous martingale, A is a predictable non-decreasing right-continuous process 
with Aq = 0, and / is a predictable non-decreasing left-continuous process with Iq = 0. 

The following extends |16[ Thm 3.1], which is the key ingredient of our main results. Theorem 12.11 
and Theorem 12.21 

Lemma A.l. For every constant p > \, there is some constant Cj '^ > 0 such that, for all strong 
supermartingale X G (with the decomposition (lA.lD L one has 


ll^llip + ll-^llip < c^^lAIIsp • 

Proof, (i) We suppose in addition that X is right-continuous so that 7 = 0. Denote X* := 
supo<t<T l-^t| define X as the right-continuous version of the martingale E[X*|Xi]. Then X := 
X -|- X is a positive right-continuous supermartingale on [0,T], with the Doob-Meyer decomposition 

Xt = (Xt + Alt) - At. 


Setting Xt := Xt for t G [T, T-|-1) and Xt = 0 for t G [T-|- 1, oo), then X is in fact a right-continuous 
potential (recall that a potential is a non-negative right-continuous supermartingale X on [0, oo) such 
that limt_).ooE[Xt] = 0). Using Meyer |19[ Thm 1] (see also |16[ Thm 3.1]), there is some constant 
Cp such that 


PIliP < Cp 


X 


By the definition of X and Doob’s martingale inequality, we get 


lr<Cp 


X 


<C, 


1 + 


p — 1 


II^IIe 


(ii) We now consider the case when X is not necessary right-continuous. By Mertens |18| . we know 
that the process X / is a right-continuous strong supermartingale, and that the left-continuous 
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process I is obtained as the limit of an increasing sequence I. := limg^o li^n-^oo 
defined by 

n 


j£,n 

-'t 




e.n 

k 


k=l 



<t’ 


where is 


in which (o'^’”)i<fc<n is the non-decreasing sequence of stopping times which exhausts the first n 


jumps of X such that Xt — Xt-\- > £. In Step (iii) we will show that <c; 


X 


for some 


constant C” > 0 independent of e and n, then it follows from the monotone convergence theorem 
that 

P 


iliP < c; 


X 


<c; 


1 + 


p-i 


|X| 


and hence 


PIliP <c'j,(^i + iix + /||g, < c; (^1 + (1 + c;) iix||g,. 

(hi) It is now enough to prove that ||/^’"'||][p < Cp ||^||§p for some constant Cp independent of 
(n, e). Notice that the discrete process X” := (Xq, X^e,n ^ • • • , X^^,n , is a discrete time 

supermartingale. By interpolation, we can turn it into a right-continuous strong supermartingale on 
[0, T], Then, using the results in Step (i) we obtain that 


|j£,n| 


IP < 


r" 


XI 


§p j 


with c; := C’p 



□ 


Remark A.l. A careful reading of the proof in m shows that the constant can be computed explicitly 
and is given by 


p-i 


Cp := min I pT] 

^ 2<k<p \ p 

J '—2 


PJ 


lp>2 + 


P 


p — 1 


1 

p-l 


•-PG(1,2]- 


Meyer’s result show that for a supermartingale X with Doob-Meyer’s decomposition X = M — A, we 
can control X by X; the following example shows that given two supermartingales, we cannot control 
the difference of the A parts by the difference of the supermartingales. 


Example A.l. Let IT be a one dimensional Brownian motion. Fix e > 0 and let V be defined by 

Vt := ^ITrj,l[rfc,rfc+i)(i), where tq := 0, r^+i := inf{t > : |ITt - WrJ > e}. 

k>0 

Notice that V is of finite variation with decomposition V = V~^ — V~ such that V~^ and V~ are two 
non-negative non-decreasing and predictable process. Let X^ := W — and X^ := —V~, then 
supj |X^^ — X^\ = supj |ITi — Vt\ < e, but I/+ — V~ = V cannot be controlled by e. □ 

We finally provide a technical lemma used in the paper. Recall the definition of (fp in f|2.7|) and 
observe that \4>p_i{y)\ = \y\P~‘^ly^o. 


17 
















Lemma A.2. Let X be a ladlag semimartingale. Then for all p € (1, 2) and a > Q, we have P — a.s. 
for any t € [0, T] 




~P 


, a 


\Xffds-p \ eP^^(l>p{Xs-)dXs 


P{P - 1 ) 
2 

P{P - 1) 


l\p^^\<Pp.iix,)\d[x] 


^ e^’t*|A,+ -X,_n|A,-|2v|A,+ |2)= 1 


t<s<T 


T-1 


HX,_|V|X«+|^0; 


where we denote Xt+ ■= Xt- 

Proof. This is an immediate consequence of a straightforward adaptation of |13[ Lemmas 7, 8 and 
9], together with the Ito’s formula for ladlag processes in |15[ p.538]. □ 
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